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ABSTRACT 
 

An algorithm for multidimensional nonlinear registration is proposed. The deformation field between two elastic bodies 
is represented by a multi-resolution separable wavelet. Using a progressive approach that reduces algorithm complexity 
the registration parameters are recovered in a coarse to fine order. A custom wavelet that approximates threefold 
orthogonality is developed. The performance of the algorithm is evaluated by the alignment of sections from mouse 
brains. The wavelet registration algorithm demonstrated on average fourfold improvement in section alignment over 
linear alignment.  
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1. INTRODUCTION 
 
Registration of images is desirable whenever a comparison between two complementary dataset is required. Medical 
images alignment is an especially challenging problem due to nonlinear spatial intersubject variability and due to the 
lack of point-to-point correspondence. The improved resolution of imaging systems and the resulting large data volumes 
further complicate the registration problem. In this study, a progressive approach toward image registration is proposed. 
It is a wavelet-based, surface-guided, scalable algorithm for multidimensional image registration. The method is 
evaluated using histologial murine brain sections. 

 The model used in this study regards the tissue to be aligned as if it was an elastic medium that is subject to the 
static Navier Partial Differential Equation (PDE) from continuum mechanics. This image registration model was 
pioneered by Bajcsy and by Broit [1, 2]. A separable wavelet was used to represent the deformation field which was 
modeled as a combination of components including global deformation – represented by the lowest resolution level of 
the wavelet decomposition – and local deformation details – represented by the higher resolution levels of the wavelet 
decomposition. The wavelet coefficients that correspond to each different signal component were estimated separately 
and progressively, starting from global deformation down to local deformation. This progressive approach for recovering 
the deformation signal is enabled by employing a threefold orthogonal wavelet. The registration parameters were 
estimated by minimizing the elastic energy (which is equivalent to solving for the static homogenous Navier PDE) as 
well as by minimizing the sum of squared distances between corresponding surfaces (which is equivalent to imposing 
boundary conditions).  

Wavelets have been previously employed in image registration, either in order to represent the non-linear 
deformation between two images [3-5] or to represent the voxel intensity [6]. For example, Amit [3] used a wavelet basis 
as well as a Fourier basis to represent the deformation. He used a gradient descent optimization method to minimize the 
mean of squared distances between intensities of overlapping voxels. Similarly, Downie [4] used a simulated annealing 
optimization method to find the wavelet coefficients that minimize the sum of squared distances between intensities of 
corresponding voxels. Both are image-based and as such are most suited for applications dealing with intra-modality 
datasets. In contrast, the registration algorithm developed in this study is based on geometric features: alignment is 
guided by samples from the objects’ surfaces and therefore can be used for applications dealing with inter- as well as 
intra- modality scans. 
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The proposed surface-guided method compensates for nonlinear deformation that is represented by a wavelet multi-
resolution decomposition. The similarity metric used is based on the sum of squared distances where a distance is the 
interval between a point on the test surface and the closest point to it on the reference surface. Alignment is achieved 
employing a progressive version of the Marquardt-Levenberg (M-L) optimization algorithm that minimizes a functional. 
This functional is the sum of two terms, namely the sum of squared distances and the elastic energy. While the alignment 
algorithm formulated here is a two-dimensional one (alignment that is guided by the structures’ contours instead of by 
the structures’ surfaces), its generalization to a three-dimension one is straightforward. The performance of the algorithm 
was demonstrated for the 2D case of mouse brain mapping focusing on the olfactory bulbs, a brain area where sensory 
information from the nose is processed. In Section 2, the proposed registration algorithm is presented. Section 3 
describes the development of the threefold orthogonal wavelet that was used in this study. Section 4 demonstrates the 
algorithm as applied to the registration of sections from the murine olfactory bulbs. Section 5 concludes with a 
discussion. 
 

2. ALGORITHM DESCRIPTION 
 
Nonlinear registration is the operation of recovering the deformation field, u , that maps a test object to a reference 

object as follows: 

),( cx
1( , ; )x x u x y′ = + c

( )

 and  , where are coordinates in the test object space and 
 are the corresponding coordinates in the reference object space. With the developed algorithm the deformation 

field is recovered by an optimization procedure that searches for the registration parameter vector, c, that minimize: (1) 
the sum of squared Euclidian distances between corresponding points on the test object’s contours and points on the 
corresponding reference object’s contours and (2) the elastic energy of the deformation. Thus, a functional 
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⋅ c  is minimized, where  is the sum of squared Euclidian distances between corresponding 
points, 

( )e c
L c is the elastic energy, and the parameter ω  is a weight constant that is empirically determined. We next 

detail the proposed wavelet-based registration algorithm and the progressive Marquardt-Levenberg-based optimization 
procedure employed. 

The two-dimensional separable wavelet decomposition of a deformation field, u , everywhere within a 
rectangular support is given by: 
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where  is an index denoting the two directions, i x and , of the vector function u , y )(x s  is an index denoting the sub-
band,  is an index denoting the resolution levels, and k  is the translational index within the 

 support.  Hence, each wavelet coefficient  is indexed by the direction ( ), the orientation 
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s ), the resolution ( ), and the spatial location (j k ) it stands for. The basis functions, Φ , are a tensor 
product of the one-dimensional scaling and wavelet functions as follows:  
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Note that since we assume only that u is a smooth deformation – the elastic deformation is in – the 

representation in (1) is merely an approximation. The accuracy of this approximation is controlled by our choice of the 
index  that ranges here between 1 and , where . Consequently, for example, in the case where 
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yx NN =  the number of parameters, , required to define a deformation in one direction is  . As 
mentioned above, these parameters were estimated so that a functional is minimized. 

cN

( )

)1(224 +−⋅≡ RJ
cN

)(cE
E c )(c

m ),, cx

m S∈S(xa ∈m ′x

∆

m av ≡

p

M

m
≡ ∑

=1
Φs

m

i
m

d
v )( lcc −≡












∂
∂

x
u

2

2







∂
∂
x

2

∂
Φ∂ t 2(

)()( ⋅xv

hst
pq (

) (⋅ψ

2+ v

) lj ≠

)2( kxk −Φ − jsis
jc

, ) isT s ls
j jpq jkc ∂ d ∑∑

n k

The first term of the functional, , that is being minimized is the sum of squared contour distances e :  
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where the contour distance, , is the Euclidean distance between an already mapped point from the test contour, 

 and the closest point to it on the reference contour, 
 md

), test c ref . Similarly, a vector distance is defined 
as .  Using a Taylor expansion, it was shown in [7] that: mx′−
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The second term, L(c), that is being minimized is the following elastic energy: 
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Substituting the signal as represented in (1) results in a linear combination of the integral: 
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where p,q=1,2. (An analytic evaluation of this integral is presented in [7].) In order to simplify the expression for the 
elastic energy we assume that the scaling and wavelet functions satisfy a principle we define and refer to here as 
threefold orthogonality. The threefold orthogonality property states that the scaling and wavelet functions are orthogonal 
to each other and orthogonal to each other’s first and second derivatives: 
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where m is an integer and . The consequence of satisfying this property of threefold orthogonality is 

that the mixed terms of  (terms with the basis functions from the different resolution levels (
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different orientations ( ts ≠ )) are canceled.  

Let us continue and develop the expression in (5) for one component, , of the 

deformation field. In this case, (5) is a linear combination of the following terms: 
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Accordingly, the energy of the signal portion that corresponds to level j and orientation s is: 
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Hence the expression for the whole elastic energy is:  
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where  is a block diagonal matrix: Q 1 2 3 4 2 3 4 2 3 4
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matrix Q

Q

 depends only on the chosen support, N, and the scaling and wavelet basis functions . Therefore, Q  can be 
computed once offline and then used for the deformation estimation of any input object data. It can be shown that the 
matrix  is linearly proportional to the Wavelet-Galerkin discretization matrix of the homogenous static Navier PDE 
[7]. This implies that minimizing the elastic energy is equivalent to solving the Navier PDE. Finally, the elastic energy in 
(10) is expressed in the vicinity of c l  using a Taylor series: 
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and the expressions above for  and are combined to result in the functional : )(ce )(cL )(cE
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Next, our objective is to iteratively search for ∆ , a step in the parameter space, progressing in a direction that 

minimizes  ( )E c . Following the M-L optimization method [8] this can be done by solving: 
 

 [ ] 0)()2( =∆++++ IQAQcb αωω l ,    (13) 
 
where I is the identity matrix and α  is a positive scalar. The smaller α  is, the closer the M-L is to the Newton 

optimization method; the largerα is, the closer the M-L is to the gradient (steepest-descent) optimization method.  
The optimization is done iteratively. At each iteration, first the vector b and the matrix  are computed based on 

the current spatial position of the test and the reference objects. Second, (13) is solved to yield a new update to the 
registration parameters. Lastly, the test object is mapped onto the reference object using updated registration parameters.  
Note that at each iteration, the contour distance d  needs to be computed for each point . This is done by searching 
through the set of points along the corresponding reference contour. This distance computation needs to be done at each 
iteration and for all the M test points. As a result, this distance computation is computationally expensive especially in 
the 3D case. Yet, using a distance map can reduce computation time significantly [9].  

A

 m mx

As mentioned before, our implementation of the optimization algorithm is a progressive one. We take advantage of 
the multi-resolution representation of the deformation and recover the wavelet parameters that define it in a coarse-to-
fine order. We first approximate the deformation with the wavelet decomposition, in (1), including only the lowest 
resolution level ( j J= ) and the first orientation ( 1s = ). At this stage we find 1ˆ Jc that minimizes ( 1 )JE c  following the 

M-L optimization method described above. Then we use 1ˆ Jc  to map the test image onto a new position that is now closer 
to the reference image. The residual deformation that still exists between the test and the reference images is then 
recovered using the rest of the wavelet decomposition components that represent the deformation “details” at its 
different resolutions and different orientations. Thus we proceed to find the parameters 2ˆ Jc  that minimizes ( )2

JE c  and 

use now 1ˆ Jc  and 2ˆ Jc  to remap the test image toward the reference image. In the same manner we solve for the other two 
sub-bands, s=2 and s=4, at resolution level j=J. We continue down the wavelet pyramid to the next level of resolution 
j=J-1, solving for the different sub-bands at this level, s=2,3,4. Hence, the computation of the wavelet coefficients is 
done progressively until the estimation of all the coefficients is completed. 

 
 



 

  
3.  CUSTOM WAVELET DESIGN 

 
Threefold orthogonality of the wavelet bases simplifies significantly the definition of elastic energy – equation (10). 
Matrix Q becomes block diagonal so that a progressive solution of the problem is feasible. In this section we will 
develop a wavelet that approximates threefold orthogonality by using the lifting technique. The new, threefold 
orthogonal wavelet is found by obtaining the sequence l that satisfies the system (20) in the least-squares sense.   )(k

In [10] Sweldens introduced the lifting method for the construction of wavelets with desired properties from any 
other biorthogonal wavelets. The idea behind the lifting scheme can be summarized as follows: Let )~,~,,( ψφψφ

)~,~,, βαβ

 be a 

family of compactly supported biorthogonal scaling and wavelet functions associated with the filters , and let 

 be a finite sequence. A new family of biorthogonal scaling and wavelet functions 
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Note that only )(~ tφ does not change.  Equation (16) is especially useful since it is the only one where the lifted 

function, )(~ tlψ , depends only on the old functions,  )(~ tψ and )(~ tφ , as well as on the discrete series l .  )(k

Let us take the v derivative, v
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To ensure v-fold orthogonality (see (7) ) we require that 
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Substituting )(~ )( tvlψ from (17) in (18) leads to the equation: 
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see that to ensure threefold orthogonality we need a sequence that satisfies 
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where , , �= 0, 1, 2 are the connection coefficients of the base wavelets and can be evaluated analytically [7]. In 
general, these equations may be over-determined. We therefore solve for , the sequence that satisfies (20) in the 
least square sense. Using this, we compute the lifted discrete filters as follows [10]: 

να 21
να11

)(kl

 
ˆ( ) ( ) ( 2 ) ( )l

k
n n n k lα α β

∞

=−∞
k= + −∑ −

k

 ,    (21) 

 

( ) ( ) ( 2 ) ( )l

k
n n n k lβ β α

∞

=−∞
= − −∑

)
% % %  ,    (22) 

 
and )~,~,, βαβα(  is replaced with )~,~,,( ll βαβα .  

In this study, we chose to design our wavelet based on the biorthogonal spline wavelet bior3.3 [11]. Figure 1 shows 
the scaling and wavelet functions of the bior3.3 wavelet, and following the procedure above its lifted version, the 
bior3.3_L wavelet. In order to evaluate how well the bior3.3_L wavelet approximate threefold ortogonality we looked at 
the ratio between the off diagonal blocks in Q  and the diagonal blocks in Q : 
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Computing the TFO for the bior3.3_L wavelet resulted in a value of 0.02 (Note that in the case of threefold orthogonal 
waveletTF .) 0O =
 

4.   EXPERIMENTAL RESULTS 
  
The performance of the registration algorithm was evaluated in a two-dimensional setting. Ten mouse brain images were 
studied: one, the reference brain image, was used to construct a three dimensional brain volume atlas (see [12]) and the 
other nine brain images (generated using a technique described in [13]) were the test brain images. From each test brain, 
a coronal section located in the olfactory bulbs was extracted together with its corresponding section in the atlas brain. 
This matching of a reference section to its test section was done manually using the MacOStat software package [14, 
15]. Figure 2 shows one pair of reference and corresponding test sections. The high morphological variability between 
corresponding sections is clearly evident. Next, nineteen internal anatomical structures (see Table 1 for structures’ 
nomenclatures based on the Franklin and Paxinos atlas [16]) were manually delineated on all sections.  
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(b)  

 
Figure 1. The scaling and wavelet functions of (a) the bior3.3 wavelet, and (b) the lifted bior3.3_L wavelet. 

 
 

 
 



 

 
 

 
 

Figure 2: Olfactory bulbs matching coronal sections from the atlas (left) and an experimental brain (right).  
 

 
Using the wavelet-based alignment algorithm, each section was aligned to its matching reference section. To do so a 

subset of the manually delineated contours were used to guide the alignment process and the remaining ones were used 
for performance evaluation, as shown in Figure 3. We first aligned corresponding sections linearly and then recovered 
the nonlinear deformation everywhere within a support of 256 by 256 using the bior33_L wavelet and including 
resolution levels 7 through 3. 

 
 

 

 
 

Figure 3: A reference section from the olfactory bulbs with all the structures’ contours manually delineated (left), and its 
corresponding test section (center and right). The contours delineated on the section at the center were used to guide registration (GR) 
while the contours delineated on the section at the right were used to validate registration (VR).  

 
 
Two performance measures were computed for each structure and averaged across the nine brains: error (average 

residual contour distance between corresponding contours), and overlap (the area of the overlap of corresponding 
structures divided by the area of the reference structure). In addition, the mutual information (MI) along the structures’ 
contours was computed as described in [17].  The error, overlap, and MI values were computed for the data before the 
nonlinear alignment (after an affine transform was applied) and after the wavelet alignment.  

Table 1 contains the results (the structures that guide the registration are denoted in bold). The three rows at the 
bottom of tables 1 show averages over all structures weighted by structure area. We tabulate averages for registration 
guiding (RG) structures, for registration validating (RV) structures, and for all structures (Total). As can be seen from 
Table 1, the reduction of the error was substantial. On average for all the sections combined the errors were reduced 
from 3.6 to 0.8 pixels, the average increase in the overlap between corresponding structures was from 75% to 89%, and 
the average increase in MI was 17%. 

 
 



 

Table 2 demonstrates the scalability when aligning a test section from one brain to the corresponding section from 
the atlas. The error residual, the increase in corresponding structures overlap, and the increase in image mutual 
information are reported in addition to the registration parameters’ number and the running time. The tradeoff between 
accuracy and complexity is apparent. The running times reported in Table 2 are based on algorithm implementation 
using Matlab (version 6.1) on a Pentium IV computer (1.9 GHz, 2G Byte RAM). 

 
 
 

Table 1 The average error and overlap ratio of before and after wavelet-based alignment 
 

 Before 
Registration 

After 
Registration 

The Olfactory Bulbs Anatomical Structures Error Overlap Error Overlap 
GrO granule layer, olfactory bulb 2.74 0.80 0.25 0.98 
E/OV ependyma & olfactory ventricle 2.12 0.40 1.63 0.54 
aci anterior commissure, intrabulbar 2.24 0.47 1.08 0.66 
IPl internal plexiform layer, olfactory bulb 1.87 0.26 0.59 0.64 
Mi mitral cell layer, olfactory bulb 2.05 0.28 0.91 0.59 
EPl external plexiform layer, olfactory bulb 2.69 0.70 1.79 0.83 
Gl glomerular layer, olfactory bulb 2.38 0.49 2.14 0.63 
AOE anterior olfactory nucleus, external 4.46 0.40 2.66 0.72 
vn vomeronasal nerve 3.83 0.42 3.75 0.48 
EPlA external plexiform layer accessory olfactory bulb 3.60 0.30 2.63 0.40 
MiA mitral cell layer, olfactory bulb 4.84 0.33 3.47 0.48 
AOL anterior olfactory nucleus, lateral 3.46 0.75 0.21 0.97 
AOM anterior olfactory nucleus, medial 3.74 0.44 2.69 0.59 
AOD anterior olfactory nucleus, dorsal 3.67 0.73 0.29 0.95 
dlo dorsolateral olfactory tract 4.35 0.18 2.73 0.40 
GlA glomerular layer, accessory olfactory bulb 3.81 0.50 3.05 0.63 
lo lateral olfactory tract 2.47 0.40 2.24 0.62 
AOV anterior olfactory nucleus, ventral 3.71 0.46 2.08 0.75 
OB olfactory bulb (external structure) 4.06 0.90 0.24 0.99 

4.09 0.90 0.24 0.99 
2.91 0.58 2.00 0.67 

RG:  
RV: 

Total: 3.55 0.75 0.79 0.89 
 
 
 
Table 2: Average error, overlap and mutual information increase, and algorithm complexity for the registration of corresponding 
sections from one brain sample and including different resolution levels 
 

Res. Levels Error (pixels) Overlap (%) MI increase (%) Parameters No. Time (secs) 
7 2.26 0.82 8 2x4x4 96 

7 through 6 1.83 0.86 10 +2x3x16 189 
7 through 5 1.10 0.90 15 +2x3x64 279 
7 through 4 0.78 0.92 16 +2x3x179 384 
7 through 3 0.66 0.92 17 +2x3x497 570 

 
 

 
5.   CONCLUSION 

 
Registration of images of histological material is often complicated by the large size of the datasets involved.  The 
problem is simplified in the described algorithm. The wavelet representation allowed for a multi-resolution 
decomposition of the deformation field. Specifically, the wavelet threefold orthogonality assumption enabled problem 
formulation simplification. 

 
 



 

 
 

 The performance of the wavelet-based registration algorithm was tested on murine brain sections. A subset of 
external and internal structures were used to guide the registration. The distance of test contours from their 
corresponding reference contours as well as the deformation elastic energy were minimized. The alignment validation 
yielded the following results: (1) on average the residual distance between corresponding structures’ contours resulted in 
a 4.5 fold alignment improvement over linear registration, (2) the average increase in overlap between corresponding 
structures was 14%, and (3) the average increase in mutual information was 17%.  
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